The vertical throughflow with viscous dissipation in a horizontal porous layer is studied. The horizontal plane boundaries are assumed to be isothermal with unequal temperatures and bottom heating. A basic stationary solution of the governing equations with a uniform vertical velocity field (throughflow) is determined. The temperature field in the basic solution depends only on the vertical coordinate. Departures from the linear heat conduction profile are displayed by the temperature distribution due to the forced convection effect and to the viscous dissipation effect. A linear stability analysis of the basic solution is carried out in order to determine the conditions for the onset of convective rolls. The critical values of the wave number and of the Darcy-Rayleigh number are determined numerically by the fourth-order Runge-Kutta method. It is shown that, although generally weak, the effect of viscous dissipation yields an increase of the critical value of the Darcy-Rayleigh number for downward throughflow and a decrease in the case of upward throughflow. Finally, the limiting case of a vanishing boundary temperature difference is discussed.
Introduction
The viscous dissipation effect may be an important contribution in the energy balance of a fluid saturated porous medium (Nield 2007 ). This effect is specially significant when buoyant flow is coupled to a basic forced flow. Then, as pointed out in Chandrasekhar (1961) , it is in forced or mixed convection processes that the heat generation due to viscous friction may be significant. On the other hand, in free convection, the viscous dissipation effect generally represents a higher order term within the framework of the Oberbeck-Boussinesq approximation. Chandrasekhar's reasoning refers to a clear fluid, but the same argument can be claimed, without substantial changes, also for fluid saturated porous media.
A few recent papers have investigated the effect of viscous dissipation with respect to the onset of convective instabilities either in clear fluids or in porous media (Mureithi and Mason 2002; Rees et al. 2005; Barletta et al. 2009 ). Mureithi and Mason (2002) study the convective linear instabilities induced by viscous dissipation for a boundary layer flow with an accelerating free-stream profile. Rees et al. (2005) carry out an analysis of the onset of transverse roll instabilities in a parallel external flow solution for the boundary layer around an inclined cold surface embedded in a porous medium. In a recent article by , the onset of convective instabilities in a horizontal porous layer with adiabatic bottom boundary and perfectly or imperfectly isothermal top boundary is investigated. In the basic solution considered by Barletta et al. (2009) , the temperature gradient is built up solely as a consequence of the viscous dissipation in the porous medium. The study carried out by Barletta et al. (2009) has been extended by Storesletten and Barletta (2009) in order to describe the behaviour of cold water next to the maximum density temperature.
The analyses of the role of viscous dissipation in the onset of convective instabilities, carried out by Barletta et al. (2009) and Storesletten and Barletta (2009) , deal with a horizontal basic flow through a porous layer. The objective of the present paper is to investigate the case of a basic vertical throughflow. Linear instabilities of a vertical throughflow in a horizontal porous layer have been investigated by several authors (Sutton 1970; Homsy and Sherwood 1976; Nield 1987; Shivakumara 1998, 2003; Zhao et al. 1999 ). However, all these studies have been carried out without taking into account the effect of viscous dissipation. The interest for assessing the contribution of viscous dissipation in the study of throughflow in a horizontal porous layer and in the analysis of the onset of convective instabilities for this basic flow is the motivation of the present study. We mention that Sutton (1970) investigates the critical conditions for the onset of instabilities in a horizontal porous layer with lateral confinement by adiabatic boundaries. Homsy and Sherwood (1976) study the case of an infinitely wide plane horizontal channel bounded by isothermal horizontal boundaries. These authors carry out both a linear stability analysis and an energy stability analysis. Nield (1987) investigates other possible boundary conditions at the horizontal boundaries, thus extending the analysis of Homsy and Sherwood (1976) . Khalili and Shivakumara (1998) further extend the analysis by including a uniform heat source within the porous layer. Zhao et al. (1999) consider a variant of the Homsy-Sherwood problem where the bottom boundary is subject to a uniform heat flux instead of a uniform temperature. Khalili and Shivakumara (2003) investigate non-Darcian effects in the analysis of the linear instabilities of vertical throughflow in a horizontal layer. They assume a general momentum balance where both the Brinkman term and the Forchheimer inertial term are included.
The aim of the present article is to revisit the Homsy-Sherwood problem (Homsy and Sherwood 1976) by taking into account the viscous dissipation term in the energy balance, in order to asses the effects of this contribution both in the basic throughflow solution and in the linear stability conditions for the onset of convective rolls. 
Mathematical Model
Let us consider a fluid saturated porous layer with thickness L. Let the vertical axisȳ be parallel to the gravitational acceleration g, but with opposite direction (see Fig. 1 ). The boundary planesȳ = 0 andȳ = L are kept isothermal atT =T h andT =T c , respectively. Herē T h >T c , andT denotes the temperature field. The velocity fieldū has Cartesian components (ū,v,w) .
Governing Equations
Let us assume the validity of Darcy's law, as well as of the Oberbeck-Boussinesq approximation. The effect of viscous dissipation is taken into account in the energy balance. We will adopt the c v -formulation of the energy balance, also called internal-energy formulation, where c v is the specific heat at constant volume. This formulation is suggested in Chandrasekhar (1961) as the most appropriate within the framework of the OberbeckBoussinesq approximation. A discussion of the internal-energy formulation and the enthalpyformulation of the energy balance for buoyant flows is also carried out in Barletta (2008) .
On account of the above assumptions, the local mass, momentum and energy balance yield the governing equations
Equations 2-4 are the expressions of the three components of the vorticity evaluated starting from Darcy's law. In Eqs. 1-5, g is the modulus of g, β is the coefficient of thermal expansion, K is the permeability, ν is the kinematic viscosity,t is time, σ is the ratio of the heat capacities of the fluid saturated porous medium and of the fluid and α is the effective thermal diffusivity of the fluid saturated porous medium. A vertical throughflow is assumed, so that the boundary conditions are given bȳ
Non-Dimensional Analysis
Let us introduce the following dimensionless quantities:
where Ra and Ec are the Darcy-Rayleigh and the Darcy-Eckert numbers, Pe is the Péclet number and Ge is the Gebhart (or dissipation) number. We note that, while Ra, Ec and Ge can only be positive, the Péclet number can be either positive (upward throughflow) or negative (downward throughflow). By employing the dimensionless quantities, Eqs. 1-6 can be rewritten as follows:
Basic Solution
A basic stationary solution of Eqs. 8-13 is given by a uniform throughflow,
with a purely vertical temperature gradient dT B (y)/dy. Here, the subscript B stands for "basic". On account of Eqs. 12-14, the basic temperature distribution T B (y) must satisfy the differential equation
together with the boundary conditions
The solution is given by T B (y) = e Pe − e Pe y e Pe − 1 + Ec Pe y − e Pe y − 1 e Pe − 1 .
Linear Disturbances
Let us assume the following perturbation of the basic solution:
where ε 1 is a small parameter. We substitute Eq. 18 into Eqs. 8-13 and neglect the terms proportional to ε 2 . Then, we obtain
Stability Analysis
We now consider disturbances in the form of plane waves. Due to the linearity of our analysis, an arbitrary disturbance can be properly constructed by a superposition of these plane waves.
Disturbance Equations
The geometry, the boundary conditions and the basic solution of the governing equations are invariant under rotations around any axis parallel to the y-direction. Due to this symmetry, the propagation direction of the plane wave disturbance can be any horizontal direction. It is not restrictive to assume this direction as that of the x-axis. Then, the analysis of the linear disturbances becomes two-dimensional with
On account of Eq. 25, we infer that Eqs. 20 and 21 are identically satisfied, Eq. 19 is fulfilled provided that we express U and V by means of a streamfunction ψ, namely,
Now, Eqs. 22-24 can be rewritten as
where F(y) is defined as
We are seeking solutions of Eqs. 27-30 in the form of plane waves,
where a is the wave number and λ is the coefficient of exponential time growth. In order to investigate the condition of marginal stability, we will fix λ = 0. Then, by substituting Eq. 31 into Eqs. 27-29 one obtains
where the primes denote differentiation with respect to y. It is easily proved from Eq. 30 that, in the absence of viscous dissipation, i.e. for Ec = 0 or Ge = 0, the transformation {y → 1 − y, Pe → −Pe} implies F → −F. Then, for Ec = 0 or Ge = 0, Eqs. 32-34 are left invariant by the transformation {y → 1 − y, Pe → −Pe} provided that both a and Ra are left unchanged. A special consequence of this invariance is that the critical values of a and Ra do not depend on the sign of Pe, i.e. on the direction of the throughflow, when viscous dissipation is negligible, Ec = 0 or Ge = 0. On the other hand, this symmetry is broken if viscous dissipation is taken into account (Ec = 0 and Ge = 0).
Numerical Solution
We seek a numerical solution of Eqs. 32-34 by considering this differential problem as an eigenvalue problem. More precisely, we assume Pe and Ge to be prescribed and then, we determine the eigenvalue Ra corresponding to each a such that a non-trivial solution of Eqs. 32-34 exists. This procedure yields a function Ra(a) describing the marginal stability curve in the parametric plane (a, Ra). As is well-known, the critical values a cr and Ra cr are determined by seeking the minimum of the function Ra(a).
A proper numerical procedure is based on the fourth-order Runge-Kutta method. In order to use this method, we need to formulate the differential problem as an initial-value problem. In fact, we can replace Eq. 34 with 
The condition on (0) is due to the following reason. Since the differential problem Eqs. 32-34 is homogeneous, then any non-trivial solution can be arbitrarily rescaled yielding another solution. Thus, we can encompass this scaling freedom by the constraint (0) = 1. In Eq. 35, ξ is a yet unknown constant. For any given a, Pe and Ge, the value of ξ together with the eigenvalue Ra is determined by prescribing the boundary conditions at y = 1, namely,
We point out that the choice to fix Ge instead of fixing directly the value of Ec is due to the dependence of Ec on the boundary temperature difference, i.e.T h −T c . Indeed, when searching the eigenvalues Ra, we aim to determine the marginal stability values of the temperature difference between the boundary planes. Thus, in this procedure, it appears as incoherent to assume as prescribed the value of a parameter, Ec, which depends on the marginal stability values ofT h −T c . The fourth-order explicit Runge-Kutta method is easily implemented by means of the function NDSolve available within the software environment Mathematica 7.0 (©Wolfram Research). The numerical values obtained through this procedure can be validated by determining the effect on the results of the chosen step-size h employed in the computation. This analysis is reported in Table 1 , where the critical values a cr and Ra cr corresponding to Ge = 1 and 5 ≤ Pe ≤ 10, respectively, are given for different decreasing step-sizes h. The last column reported in Table 1 yields the values of a cr and Ra cr obtained by the explicit Runge-Kutta method with adaptive step-size control. The default settings of function NDSolve imply an adaptive step-size control by the embedded pairs algorithm, which produces at each step a changing h. The comparison between the results obtained with the lowest step-size h = 10 −5 and those determined with the adaptive step-size control reveals an excellent agreement. This test justifies the choice of the adaptive step-size control for the explicit Runge-Kutta method in all subsequent computations.
Discussion of the Results

Forced Convection Throughflow and Viscous Dissipation
As is well-known, if the velocity of the vertical throughflow was zero in the basic state, then the basic temperature profile would be the conduction profile T B (y) = 1 − y. This elementary result can be formally inferred from Eq. 17 by evaluating the limit Pe → 0. A peculiar consequence of the upward throughflow (Pe > 0) is that the forced convection heat transfer produces a global temperature increase with respect to the conduction profile. The reverse occurs in the case of downward throughflow (Pe < 0). The physical reason of this behaviour is simple: the porous layer experiences a hot fluid input when Pe > 0, while cold fluid seeps through the layer when Pe < 0. This straightforward effect is made more complicated by viscous dissipation. In fact, viscous dissipation produces an additional heating within the layer independently of the throughflow direction, i.e., whatever is the sign of Pe. In the case of upward throughflow (Pe > 0), both viscous dissipation and forced convection contribute to the system heating. In the case of downward throughflow (Pe < 0), viscous dissipation and forced convection are competing effects: viscous dissipation can prevail over the cooling action of forced convection only if it is sufficiently intense, namely, if Ec is sufficiently large. There is a condition such that the competing actions of viscous dissipation and forced convection are perfectly balanced. This condition is Ec Pe = −1. In fact, one may easily verify from Eq. 17 that, whatever are the values of Ec and Pe such that Ec Pe = −1, the basic temperature profile becomes the conduction profile, T B (y) = 1 − y.
The above described behaviour of the temperature distribution in the basic flow is illustrated in Fig. 2 . This figure shows clearly that an increasing value of Ec yields a global increase in the temperature at every position y, both for Pe = −15 and for Pe = 15. The linear conduction profile is clearly displayed in the upper frame, in the case Ec = 1/15. The upper frame shows also that temperatures higher than the bottom boundary temperature may exist for a sufficiently high Ec: this behaviour is evident for Ec = 0.08, 0.1. The threshold value of Ec for this effect to occur is easily determined by means of Eq. 17 by prescribing that the derivative dT B /dy vanishes at y = 0. In this way, one concludes that the porous layer may display temperatures higher than the bottom boundary temperature if
For Pe = −15, this means Ec > 0.0714286. For Pe = 15, Eq. 37 yields Ec > 3.05904×10 −7 . The latter result justifies the behaviour displayed by the plots with Ec = 0.08, 0.1 in the upper frame of Fig. 2 , and by all the plots in the lower frame of Fig. 2 , which correspond to Ec ≥ 0.03.
Onset of Convective Rolls
In Tables 2 and 3 , the critical values of a and Ra for the onset of convective rolls are reported for different Péclet and Gebhart numbers. Table 2 refers to downward throughflow (Pe < 0), while Table 3 refers to upward throughflow (Pe > 0). These tables reveal that, while a cr and Ra cr depend significantly on Pe, they depend weakly on Ge. The effect of Ge depends on the direction of throughflow. If Pe < 0 (Table2), one may note that the values of a cr and Ra cr increase with Ge. If Pe > 0 (Table3), the values of a cr and Ra cr decrease with Ge. In other words, viscous dissipation has a weak stabilizing effect for downward throughflow and a weak destabilizing effect for upward throughflow. This conclusion implies the breaking of the symmetry between downward and upward throughflow described in Sect. 3.1.
In general, a more intense throughflow (a higher |Pe|) implies increasing values of a cr and Ra cr . A weak violation of this rule is observed in Table 3 for high values of Ge and very small values of Pe. In this range, we observe that Ra cr initially decreases with Pe, reaches a minimum and then starts increasing. It must be pointed out that this effect is definitely a minor one. A visual representation of the data reported in Tables 2 and 3 3830 11.3830 11.3874 11.4263 11.5928 11.7877 Figs. 3 and 4. These figures display a comparison between the values of a cr and Ra cr for the case Ge = 0 and those for the case Ge = 1. In Figs. 3 and 4 , the data for Ge = 0 are also compared with the correlations obtained by Homsy and Sherwood (1976) for |Pe| 1,
is given in
in the absence of viscous dissipation. From Figs. 3 and 4, one may see that these correlations are in very good agreement with the evaluated data for Ge = 0, provided that |Pe| 7. These figures reveal also the above described breaking of the symmetry Pe → −Pe in the case Ge = 1. As expected, the curves of a cr and Ra cr for either Ge = 0 or Ge = 1 tend to
when |Pe| → 0, i.e. in the absence of throughflow. As is well-known, the critical values reported in Eq. 39 are those of the Darcy-Bénard problem (Nield and Bejan 2006; Rees The answer to this question requires that we reconsider the eigenvalue problem Eqs. 32-34 in the limit Ec → ∞ (or Ra → 0). In this limit, we want the following quantities to remain finite:
From Eqs. 7, 18 and 40, we note that and all tilded quantities are independent ofT h −T c . Let us now take the limit Ec → ∞. Equation 30 yields
while Eqs. 32-34 can be rewritten as
Equations 42 and 44 can be solved by fixing (a, Pe) and determining as an eigenvalue. The numerical procedure followed to solve the eigenvalue problem is that described in Sect. 3.2. After defining the function (a), one can determine the critical values (a cr , cr ), for each fixed Pe, by seeking the minimum of (a). From Eq. 41, one may easily verify that Eqs. 42-44 are left invariant by the transformation This means that the pair (a cr , cr ) is independent of the sign of Pe. However, the data reported in Table 4 reveal that, for every prescribed Pe, the values of cr are always positive. This implies that convective instabilities can occur only in the case of upward throughflow (Pe > 0). In fact, if Pe < 0, Eq. 40 implies that a positive cr means a negative Ge, i.e. an impossible condition. Hence, in the limit Ec → ∞, downward throughflow is linearly stable for every Pe. On the other hand, viscous dissipation alone may generate convective instabilities in the case of upward throughflow. Table 4 shows that both a cr and cr are increasing functions of Pe. This table suggests that, for Pe → 0, both a cr and cr attain a finite limit. In the Appendix, it is shown that for Pe → 0 one has
These values are consistent with the data for small Pe reported in Table 4 . We note that the value cr ∼ = 19.7392 attained for values of Pe smaller than 10 −2 corresponds in fact to huge values of the Gebhart number, Ge = /Pe. As a consequence, its interest is purely theoretical. In the large-Pe regime, the asymptotic procedure described in the Appendix shows that, in the limit Pe → ∞, one has the critical values a cr = 6.06793, Ge cr = 4.67910.
This means that, in the large-Pe regime, cr becomes a linear function of Pe. One may easily check that a fairly linear behaviour of cr versus Pe is displayed by the values reported in Table 4 for Pe ≥ 20. Equation 47 has an important meaning. The upward throughflow may develop convective instabilities inasmuch as Ge > 4.67910. No instabilities can occur for smaller values of Ge, no matter how large is Pe. The threshold value Ge = 4.67910 is extremely large. We mention that Turcotte et al. (1974) develop an analysis for very large values of the Gebhart number, called by these authors dissipation number. However, they do not consider values above Ge = 3. Thus, we can conclude that convective instabilities of upward throughflow purely driven by viscous dissipation do not occur in practical cases.
Conclusions
The effect of viscous dissipation has been taken into account in the analysis of vertical throughflow in a horizontal porous layer saturated by a fluid. The plane boundaries of the layer are kept isothermal with unequal temperatures and bottom heating. The basic solution of the problem is a vertical uniform throughflow directed either upward or downward. The temperature in the basic state depends only on the vertical coordinate. The temperature distribution differs, in general, from the linear heat conduction profile due to the forced convection induced by the throughflow and to the viscous dissipation effect. The governing parameters of the basic solution are the Péclet number Pe associated to the throughflow and the ratio between the Gebhart number Ge and the Darcy-Rayleigh number Ra, i.e. the Darcy-Eckert number Ec. The main features of the basic solution have been studied. Moreover, a linear stability analysis of the basic solution has been carried out for the onset of convective rolls. The critical values of the wave number and of the Darcy-Rayleigh number have been obtained by a numerical procedure based on the fourth-order Runge-Kutta method with an adaptive step-size control by the embedded pairs algorithm. The main inferences drawn from the present investigation are resumed as follows.
• In the basic solution with downward throughflow, the forced convection due to the throughflow and viscous dissipation are competing effects. The former yields a cooling effect in the system, while the latter yields an internal heating of the layer. The competition may result in a perfect balance between these effects when Ec Pe = −1. In this case, the basic temperature profile is the linear heat conduction profile.
• The effect of viscous dissipation breaks the symmetry between downward and upward throughflow with respect to the critical conditions for the onset of convective instabilities.
• Although generally weak, the effect of viscous dissipation is stabilizing in the case of downward throughflow and destabilizing in the case of upward throughflow.
• While the critical values Ra cr and a cr at onset of convection depend significantly on Pe, they depend weakly on Ge.
• In general, a more intense throughflow (a higher |Pe|) implies increasing values of Ra cr and a cr .
• Convective instabilities of upward throughflow are theoretically predicted also in the special caseT h −T c = 0. These instabilities are caused solely by the effect of viscous dissipation. It has been shown that they exist only if Ge > 4.67910. Since the threshold value of Ge is very high and the value of Ge is very low in practical problems, this kind of instabilities has a purely mathematical interest. In the case of downward throughflow, instabilities caused solely by the effect of viscous dissipation do not exist.
Appendix
Vanishing Difference Between the Boundary Temperatures: Limit Pe → 0
The conditions Ec → ∞ and Pe → 0 are assumed. When Pe → 0, Eq. 41 yieldsF(y) = 2. Then, in this limit, Eqs. 42-44 can be simplified tõ
− a 2˜ + 2 a˜ = 0, 
Equation 51 identically satisfies Eq. 50 for every positive integer n. By substituting Eq. 51 in Eqs. 48 and 49, one obtains
[(n π) 2 + a 2 ] B − 2 a A = 0.
One may easily show that Eqs. 52 and 53 are fulfilled for arbitrary values of A and B provided that
Among the marginal stability curves (a) defined by Eq. 54, the lowest one is that for n = 1. This curve admits a minimum for a = π, corresponding to = 2 π 2 .
Vanishing Difference Between the Boundary Temperatures: Limit Pe → ∞
The conditions Ec → ∞ and Pe → ∞ are assumed. Let us reconsider Eqs. 42-44 by adopting =˜ /Pe instead of˜ . For every y such that 0 ≤ y < 1, one may easily evaluate the limitF(y) for Pe → +∞. 1 − e −Pe = 1.
As a consequence, Eq. 43 yields
and, in the limit Pe → +∞, it can be approximated by the lower order equatioñ
Obviously, the reduction in the order of Eq. 56 implies that one of the two boundary conditions on , expressed by Eq. 44, cannot be fulfilled. Since the limit ofF(y), evaluated in Eq. 55, is finite only for y = 1, then the boundary condition˜ (1) = 0 becomes incompatible with Eq. 57. Equations 42-44 now read
where use has been made of the definition = Ge Pe. Equations 58 and 60 imply the additional boundary condition (0) = 0. Therefore, by differentiating Eq. 58 with respect to y and by using Eq. 59, one obtains
(0) = 0, (0) = 0, (1) = 0.
Adapting the numerical procedure described in Sect. 3.2, one may determine the eigenvalue Ge(a) corresponding to any prescribed wave number a. Finally, by seeking the minimum of function Ge(a), one obtains the critical values a cr ∼ = 6.06793, Ge cr ∼ = 4.67910.
